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UNITARY INVARIANTS ON THE UNIT BALL OF B(H)n
GELU POPESCU
Abstract. In this paper, we introduce a unitary invariant
Γ : [B(H)n]−
1
→ N∞ × N∞ × N∞, N∞ := N ∪ {∞},
defined in terms of the characteristic function ΘT , the noncommutative Poisson kernel KT , and the
defect operator ∆T associated with T ∈ [B(H)
n]−
1
. We show that the map Γ detects the pure row
isometries in the closed unit ball of B(H)n and completely classify them up to a unitary equivalence.
We also show that Γ detects the pure row contractions with polynomial characteristic functions and
completely non-coisometric row contractions, while the pair (Γ,ΘT ) is a complete unitary invariant for
these classes of row contractions.
The unitary invariant Γ is extracted from the theory of characteristic functions and noncommutative
Poisson transforms, and from the geometric structure of row contractions with polynomial characteristic
functions which are studied in this paper. As an application, we characterize the row contractions
with constant characteristic function. In particular, we show that any completely non-coisometric row
contraction T with constant characteristic function is homogeneous, i.e., T is unitarily equivalent to
ϕ(T ) for any free holomorphic automorphism ϕ of the unit ball of B(H)n.
Under a natural topology, we prove that the free holomorphic automorphism group Aut(B(H)n
1
) is a
metrizable, σ-compact, locally compact group, and provide a concrete unitary projective representation
of it in terms of noncommutative Poisson kernels.
Introduction
An n-tuple T = (T1, . . . , Tn) of bounded linear operators is called row contraction if it belongs to the
closed unit ball
[B(H)n]−1 := {(X1, . . . , Xn) ∈ B(H)
n : X1X
∗
1 + · · ·+XnX
∗
n ≤ I},
where B(H) is the algebra of bounded linear operators on a Hilbert space H. In recent years, there
has been exciting progress in multivariable operator theory on [B(H)n]−1 , especially in connection with
dilation theory and unitary invariants for n-tuples of operators such as characteristic function, curvature
and Euler characteristic, entropy, joint numerical radius and joint ρ-operator radius (see [5], [11], [12],
[15], [16] and the references therein).
A central problem in multivariable operator theory is the classification, up to a unitary equivalence,
of n-tuples of operators. In this paper, we introduce a new unitary invariant
Γ : [B(H)n]−1 → N∞ × N∞ × N∞
which is extracted from from the geometric structure of row contractions with polynomial characteristic
functions and the theory of noncommutative Poisson transforms on the unit ball of B(H)n. We use Γ to
detect and classify certain classes of n-tuples of operators in the unit ball of B(H)n.
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In Section 1, we show that a row contraction T = (T1, . . . , Tn) has polynomial characteristic function
of degree m ∈ N := {0, 1, . . .} if and only if Ti admits a canonical upper triangular representation
Ti =
Vi ∗ ∗0 Ni ∗
0 0 Wi
 , i = 1, . . . , n,
where (V1, . . . , Vn) is a pure isometry, (N1, . . . , Nn) is a nilpotent row contraction of order m, and
(W1, . . . ,Wn) is a coisometry. In the particular case when n = 1 and T is a completely non-unitary
(c.n.u.) contraction, we recover a recent result of Foias¸ and Sarkar [3]. The results of Section 1 lead to
the definition of the map
Γ : [B(H)n]−1 → N∞ × N∞ × N∞, Γ(T ) := (p,m, q)
by setting m := deg(ΘT ), q := dim(kerKT ), and
p :=
{
dim(Dm ⊖Dm+1) if m ∈ N
dim∆TH if m =∞,
where Dm := span{Tβ∆Th : h ∈ H, |β| ≥ m}, ΘT is the characteristic function, KT is the noncommu-
tative Poisson kernel, and ∆T is the defect operator associated with T ∈ [B(H)
n]−1 .
In Section 2, we show that the map Γ detects the pure row isometries in the closed unit ball of
B(H)n and completely classify them up to a unitary equivalence. We also show that Γ detects the pure
row contractions with polynomial characteristic functions and completely non-coisometric (c.n.c.) row
contractions, while the pair (Γ,ΘT ) is a complete unitary invariant for these classes of row contractions.
As an application of the results from Section 1, we prove that the characteristic function ΘT is a constant
if and only if T admits a canonical upper triangular representation
Ti =
[
Vi ∗
0 Wi
]
, i = 1, . . . , n,
where V := (V1, . . . , Vn) is a pure isometry and W := (W1, . . . ,Wn) is a coisometry.
In Section 3, we prove that a c.n.c row contraction T is homogeneous if and only if ΘT ◦Ψ−1 coincides
with the characteristic function ΘT for any Ψ in the group Aut(B(H)n1 ) of free holomorphic automor-
phisms of [B(H)n]1. In particular, we show that any c.n.c row contraction T with constant characteristic
function is homogeneous, i.e., T is unitarily equivalent to ϕ(T ) for any ϕ ∈ Aut(B(H)n1 ). Moreover, we
show that
ϕi(T ) = UϕTiU
∗
ϕ, i = 1, . . . , n,
where Uϕ is a unitary operator satisfying relation UϕUψ = c(ϕ, ψ)Uϕ◦ψ for some complex number
c(ϕ, ψ) ∈ T. We remark that in the single variable case (n = 1) we find again some of the results
obtain by Clark, Misra, and Bagchi (see [1], [2]).
The theory of characteristic functions for row contractions [5] was used in [16] to determine the group
Aut(B(H)n1 ) of all free holomorphic automorphisms of [B(H)
n]1. We obtained a characterization of
the unitarily implemented automorphisms of the Cuntz-Toeplitz algebra C∗(S1, . . . , Sn), which leave
invariant the noncommutative disc algebra An, in terms of noncommutative Poisson transforms. This
result provided new insight into Voiculescu’s group [18] of automorphisms of the Cuntz-Toeplitz algebra
and revealed new connections with noncommutative multivariable operator theory. Employing some
techniques from [16], we prove that, with respect to the metric
dE(φ, ψ) := ‖φ− ψ‖∞ + ‖φ
−1(0)− ψ−1(0)‖, φ, ψ ∈ Aut(B(H)n1 ),
the free holomorphic automorphism group Aut(B(H)n1 ) is a σ-compact, locally compact group, and we
provide a concrete unitary projective representation of it in terms of noncommutative Poisson kernels.
The author thanks Jaydeb Sarkar for useful discussions on the subject of this paper.
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1. Row contractions with polynomial characteristic functions
Let Hn be an n-dimensional complex Hilbert space with orthonormal basis e1, e2, . . . , en, where
n = 1, 2, . . . . We consider the full Fock space of Hn defined by
F 2(Hn) := C1⊕
⊕
k≥1
H⊗kn ,
where H⊗kn is the (Hilbert) tensor product of k copies of Hn. Define the left (resp. right) creation
operators Si (resp. Ri), i = 1, . . . , n, acting on F
2(Hn) by setting
Siϕ := ei ⊗ ϕ, ϕ ∈ F
2(Hn),
(resp. Riϕ := ϕ⊗ei, ϕ ∈ F 2(Hn)). The noncommutative disc algebra An (resp. Rn) is the norm closed
algebra generated by the left (resp. right) creation operators and the identity. The noncommutative
analytic Toeplitz algebra F∞n (resp. R
∞
n ) is the weakly closed version of An (resp. Rn). These algebras
were introduced (see [6], [7], [9]) in connection with a noncommutative von Neumann type inequality
[19].
Let F+n be the unital free semigroup on n generators g1, . . . , gn and the identity g0. The length of
α ∈ F+n is defined by |α| := 0 if α = g0 and |α| := k if α = gi1 · · · gik , where i1, . . . , ik ∈ {1, . . . , n}. If
(X1, . . . , Xn) ∈ B(H)
n, where B(H) is the algebra of all bounded linear operators on the Hilbert space
H, we set Xα := Xi1 · · ·Xik and Xg0 := IH. We denote eα := ei1 ⊗ · · · ⊗ eik and eg0 := 1.
We recall ([5], [8]) a few facts concerning multi-analytic operators on Fock spaces. We say that a
bounded linear operator M acting from F 2(Hn) ⊗ K to F 2(Hn) ⊗ K′ is multi-analytic with respect to
S1, . . . , Sn if
M(Si ⊗ IK) = (Si ⊗ IK′)M, i = 1, . . . , n.
We can associate with M a unique formal Fourier expansion
M(R1, . . . , Rn) :=
∑
α∈F+n
Rα ⊗ θ(α),
where θ(α) ∈ B(K,K
′). We know that
M = SOT- lim
r→1
∞∑
k=0
∑
|α|=k
r|α|Rα ⊗ θ(α),
where, for each r ∈ [0, 1), the series converges in the operator norm. Moreover, the set of all multi-analytic
operators in B(F 2(Hn)⊗K, F 2(Hn)⊗K′) coincides with R∞n ⊗¯B(K,K
′), the WOT-closed operator space
generated by the spatial tensor product. A multi-analytic operator is called inner if it is an isometry.
We remark that similar results are valid for multi-analytic operators with respect to the right creation
operators R1, . . . , Rn.
According to [14], a map F : [B(H)n]1 → B(H)⊗¯minB(E ,G) is called free holomorphic function on
[B(H)n]γ , γ > 0, with coefficients in B(E ,G) if there exist A(α) ∈ B(E ,G), α ∈ F
+
n , such that
F (X1, . . . , Xn) =
∞∑
k=0
∑
|α|=k
Xα ⊗A(α),
where the series converges in the operator norm topology for any (X1, . . . , Xn) ∈ [B(H)n]γ , where
[B(H)n]γ := {(X1, . . . , Xn) ∈ B(H)
n : ‖X1X
∗
1 + · · ·+XnX
∗
n‖
1/2 < γ},
For simplicity, throughout this paper, [X1, . . . , Xn] denotes either the n-tuple (X1, . . . , Xn) ∈ B(H)n
or the operator row matrix [X1 · · · Xn] acting from H(n), the direct sum of n copies of a Hilbert space
H, to H. The characteristic function associated with an arbitrary row contraction T := [T1, . . . , Tn],
Ti ∈ B(H), was introduced in [5] (see [17] for the classical case n = 1) and it was proved to be a complete
unitary invariant for completely non-coisometric row contractions. The characteristic function of T is a
multi-analytic operator with respect to S1, . . . , Sn,
Θ˜T : F
2(Hn)⊗ DT∗ → F
2(Hn)⊗DT ,
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with the formal Fourier representation
ΘT (R1, . . . , Rn) := −IF 2(Hn) ⊗ T |DT∗ +
(
IF 2(Hn) ⊗∆T
)(
IF 2(Hn)⊗K −
n∑
i=1
Ri ⊗ T
∗
i
)−1
[R1 ⊗ IK, . . . , Rn ⊗ IK]
(
IF 2(Hn) ⊗∆T∗ |DT∗
)
,
where R1, . . . , Rn are the right creation operators on the full Fock space F
2(Hn). Here, we need to
clarify some notations since some of them are different from those considered in [5]. The defect operators
associated with a row contraction T := [T1, . . . , Tn] are
∆T :=
(
IH −
n∑
i=1
TiT
∗
i
)1/2
∈ B(H) and ∆T∗ := (I − T
∗T )1/2 ∈ B(H(n)),
while the defect spaces are DT := ∆TH and DT∗ := ∆T∗H(n). Using the F∞n -functional calculus for row
contractions [7], one can define
ΘT (X1, . . . , Xn) := SOT- lim
r→1
ΘT (rX1, . . . , rXn)
for any c.n.c. row contraction (X1, . . . , Xn) ∈ [B(G)n]
−
1 , where G is a Hilbert space. Depending on T , the
map ΘT may be well-defined on a larger subset of B(G)n. For example, if ‖T ‖ < 1, then X 7→ ΘT (X)
is a free holomorphic function on the open ball [B(G)n]γ , where γ :=
1
‖T‖ . Therefore, the characteristic
function Θ˜T generates a bounded free holomorphic function ΘT (also called characteristic function) on
[B(G)n]1 with operator-valued coefficients in B(DT∗ ,DT ). Note also that
ΘT (X1, . . . , Xn) = −IG ⊗ (T |DT∗ ) + (IG ⊗∆T )
(
IG⊗K −
n∑
i=1
Xi ⊗ T
∗
i
)−1
[X1 ⊗ IK, . . . , Xn ⊗ IK] (IG ⊗∆T∗ |DT∗ )
for any (X1, . . . , Xn) ∈ [B(G)
n]1. The characteristic function Θ˜T is the model boundary function of ΘT
with respect to R1, . . . , Rn in the sense that
Θ˜T = SOT- lim
r→1
ΘT (rR1, . . . , rRn),
where Θ(rR1, . . . , rRn) is in Rn ⊗min B(K) for any r ∈ [0, 1).
Let T := [T1, . . . , Tn] be a row contraction with Ti ∈ B(H) and consider the subspace Hc ⊆ H defined
by
(1.1) Hc :=
h ∈ H : ∑
|α|=k
‖T ∗αh‖
2 = ‖h‖2 for any k = 1, 2, . . .
 .
We call T a completely non-coisometric (c.n.c.) row contraction if Hc = {0}. We proved in [4] that
Hc is a joint invariant subspace under the operators T ∗1 , . . . , T
∗
n , and it is also the largest subspace in H
on which T ∗ acts isometrically. Consequently, we have the following triangulation with respect to the
decomposition H = Hc ⊕Hcnc:
Ti =
(
Ai 0
∗ Bi
)
, i = 1, . . . , n,
where ∗ stands for an unspecified entry, [A1, . . . , An] is a coisometry, i.e., A1A∗1 + · · ·+AnA
∗
n = IHc , and
[B1, . . . , Bn] is a c.n.c. row contraction. We say that a row contraction T is pure if
lim
k→∞
∑
γ∈F+n ,|γ|=k
‖T ∗γh‖
2 = 0, h ∈ H.
An n-tuple N := (N1, . . . , Nn) ∈ B(H)n is called nilpotent if there is m ∈ N such that Nα = 0 for
all α ∈ F+n with |α| = m. The order of a nilpotent n-tuple N is the smallest m ∈ N with the above-
mentioned property. Throughout this paper, we make the convention that de degree of a constant
polynomial (including the zero polynomial) is zero.
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Theorem 1.1. Let T := [T1, . . . , Tn] ∈ [B(H)n]
−
1 be a row contraction such that the characteristic
function ΘT is a noncommutative polynomial of degree m ∈ N. Then there exist subspaces Hv, Hnil, and
Hc of H such that H = Hv ⊕Hnil ⊕Hc and each Ti admits a representation
Ti =
Vi ∗ ∗0 Ni ∗
0 0 Wi
 , i = 1, . . . , n,
where [V1, . . . , Vn] ∈ [B(Hv)n]
−
1 is a pure isometry, [N1, . . . , Nn] ∈ [B(Hnil)
n]−1 is a nilpotent row contrac-
tion of order ≤ m, and [W1, . . . ,Wn] ∈ [B(Hc)n]
−
1 is a coisometry. Moreover, if m = 0, then Hnil = {0}
and Ti admits the representation
Ti =
[
Vi ∗
0 Wi
]
, i = 1, . . . , n,
with respect to the decomposition H = Hv ⊕Hc.
Proof. The characteristic function ΘT : [B(G)n]1 → B(G)⊗¯minB(DT∗ ,DT ) is a bounded free holomorphic
function given by
ΘT (X1, . . . , Xn) = −IG ⊗ (T |DT∗ ) +
n∑
i=1
∞∑
k=0
∑
|α|=k
XαXi ⊗∆T (Tα˜)
∗Pi∆T∗ |DT∗
for X = (X1, . . . , Xn) ∈ [B(G)n]1, where the convergence is in the operator norm and Pi denotes the
orthogonal projection of H(n) onto the i-component of H(n). Assume that ΘT is a noncommutative
polynomial of degree m ∈ N = {0, 1, . . .}. Then we have ∆T (Tβ)∗Pi∆T∗ = 0 for all β ∈ F+n with |β| ≥ m
and i = 1, . . . , n. Hence, we deduce that
(1.2) ∆2T∗JiTβ∆T = 0, |β| ≥ m, i = 1, . . . , n,
where Ji : H → H(n) is the injection Jih := ⊕nj=1δjih. Define the subspace
Hv := span{Tβh : h ∈ DT , |β| ≥ m}
and note that it is invariant under each operator T1, . . . , Tn. In what follows, we show that the n-tuple
[T1|Hv , . . . , Tn|Hv ] ∈ [B(Hv)
n]−1 is an isometry. Note that if h ∈ H, |β| ≥ m, and i = 1, . . . , n, then
relation (1.2) implies
∆2T∗JiTβ∆Th =

I − T ∗1 T1 −T
∗
1 T2 · · · −T
∗
1 Tn
−T ∗2 T1 I − T
∗
2 T2 · · · −T
∗
2 Tn
...
...
...
...
−T ∗i T1 −T
∗
i T2 I − T
∗
i Ti −T
∗
i Tn
...
...
...
...
−T ∗nT1 −T
∗
nT2 · · · I − T
∗
nTn


0
0
...
Tβ∆Th
...
0

=

−T ∗1 TiTβ∆h
−T ∗2 TiTβ∆h
...
(I − T ∗i Ti)Tβ∆Th
...
−T ∗nTiTβ∆Th

= 0.
Consequently, we have
T ∗j TiTβ∆Th = 0, i, j ∈ {1, . . . , n}, i 6= j and |β| ≥ m,
and
(I − T ∗i Ti)Tβ∆Th = 0, i ∈ {1, . . . , n}.
Hence, we deduce that Ti(Hv) ⊥ Tj(Hv) if i 6= j and ‖Tix‖ = ‖x‖ for any x ∈ Hv. Therefore, the
n-tuple [T1|Hv , . . . , Tn|Hv ] ∈ [B(Hv)
n]−1 is an isometry. Set Vi := Ti|Hv : Hv → Hv for i = 1, . . . , n.
According to the Wold decomposition for isometries with orthogonal ranges (see [4]), there is a unique
orthogonal decomposition Hv = Hs ⊕Hu such that Hu and Hs are reducing subspaces under V1, . . . Vn,
the n-tuple [V1|Hs , . . . , Vn|Hs ] is a pure row isometry and [V1|Hu , . . . , Vn|Hu ] is a Cuntz isometry, i.e.,∑n
i=1(Vi|Hu)(Vi|Hu)
∗ = IHu . Moreover, we have
Hu = {h ∈ Hv :
∑
|α|=k
‖V ∗αh‖
2 = ‖h‖2 for all k ∈ N}.
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Note that, since T = [T1, . . . , Tn] is a row contraction, if h ∈ Hu, then
‖h‖2 =
∑
|α|=k
‖V ∗αh‖
2 =
∑
|α|=k
‖PHvT
∗
αh‖
2 ≤
∑
|α|=k
‖T ∗αh‖
2 ≤ ‖h‖2
for any k ∈ N. Consequently,
∑
|α|=k ‖T
∗
αh‖
2 = ‖h‖2 for k ∈ N, which proves that h ∈ Hc. Therefore, we
have Hu ⊆ Hc, where Hc is given by relation (1.1).
Define the subspaces
M := span{Tαh : h ∈ DT , α ∈ F
+
n }
and Hnil := M ⊖ Hv, and let [N1, . . . , Nn] ∈ B(Hnil)n be the n-tuple of operators given by Ni :=
PHnilTi|Hnil for i = 1, . . . , n. Since
n∑
i=1
NiN
∗
i ≤ PHnil
(
n∑
i=1
TiT
∗
i
)
|Hnil ≤ IHnil ,
we deduce that [N1, . . . , Nn] ∈ [B(Hnil)n]
−
1 . Note that if m = 0, then Hnil = {0}. On the other hand,
since M and Hv are invariant subspaces under each operator T1, . . . , Tn, the subspace Hnil is semi-
invariant under the same operators and, consequently, Nα = PHnilTα|Hnil for all α ∈ F
+
n . Note that, due
to the fact that TβM⊆Hv for all β ∈ F+n with |β| ≥ m, we have Nβ = 0 for |β| ≥ m. Therefore, N is a
nilpotent row contraction of order ≤ m, and
Ti|Hv⊕Hnil =
[
Vi ∗
0 Ni
]
, i = 1, . . . , n,
where Vi := Ti|Hv : Hv → Hv.
Now, let H3 := H⊖M and define Wi := PH3Ti|H3 for i = 1, . . . , n. Note that a vector h ∈ H is in H3
if and only if h ⊥ Tα∆Tx for all x ∈ H and α ∈ F+n , which is equivalent to ∆TT
∗
αh = 0 for all α ∈ F
+
n .
Consequently, h ∈ H3 if and only if
(I − T1T
∗
1 − · · · − TnT
∗
n)T
∗
αh = 0, α ∈ F
+
n .
Therefore, if h ∈ H3, then one can prove by induction over k ∈ N that
‖h‖2 =
n∑
i=1
〈TiT
∗
i h, h〉 =
∑
|α|=2
〈TαT
∗
αh, h〉 = · · · =
∑
|α|=k
〈TαT
∗
αh, h〉
for all k ∈ N. This shows that
H3 ⊆ Hc :=
h ∈ H : ∑
|α|=k
‖T ∗αh‖
2 = ‖h‖2 for any k = 1, 2, . . .
 .
We prove now the reverse inclusion. Since T ∗i Hc ⊆ Hc for i = 1, . . . , n, for any h ∈ Hc and β ∈ F
+
n , we
deduce that ∑
|α|=k
‖T ∗αT
∗
βh‖
2 = ‖T ∗βh‖
2, k = 1, 2, . . . .
In particular, we have
〈
Tβ(I −
∑n
i=1 TiT
∗
i )T
∗
βh, h
〉
= 0, whence ∆TT
∗
βh = 0 for all β ∈ F
+
n . Therefore,
h ∈ H3, which completes the proof of the fact that H3 = Hc, the largest co-invariant subspace under
T1, . . . Tn such that
T
∗
1 |Hc
...
T ∗n |Hc
 is an isometry. This implies that∑ni=1WiW ∗i = IHc . We have also seen that
Hu ⊆ Hc = H3 := H⊖M and Hu ⊆ Hv ⊆M. Consequently, Hu = {0} and Ti has the representation
Ti =
Vi ∗ ∗0 Ni ∗
0 0 Wi
 , i = 1, . . . , n,
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where V , N , and W are n-tuples of operators with the required properties. If m = 0, then Ti admits the
representation
Ti =
[
Vi ∗
0 Wi
]
, i = 1, . . . , n,
with respect to the decomposition H = Hv ⊕Hc. The proof is complete. 
Theorem 1.2. Let H0, H1, and H2 be Hilbert spaces and let V , N , and W be n-tuples of operators with
the following properties:
(i) V := [V1, . . . , Vn] ∈ [B(H0)n]
−
1 is an isometry;
(ii) N := [N1, . . . , Nn] ∈ [B(H1)n]
−
1 is a nilpotent row contraction of order m ∈ N with H1 = {0} if
m = 0;
(iii) W := [W1, . . . ,Wn] ∈ [B(H2)n]
−
1 is a coisometry.
Then the following statements hold.
(a) If m ≥ 1, then the characteristic function of any row contraction [T1, . . . , Tn] ∈ [B(H)n]
−
1 of the
form
Ti =
Vi ∗ ∗0 Ni ∗
0 0 Wi
 , i = 1, . . . , n,
with respect to the decomposition H = H0 ⊕H1 ⊕H2, is a polynomial of degree ≤ m.
(b) If m = 0, then the characteristic function of any row contraction [T1, . . . , Tn] ∈ [B(H)n]
−
1 of the
form
Ti =
[
Vi ∗
0 Wi
]
, i = 1, . . . , n,
with respect to the decomposition H = H0 ⊕H2, is a polynomial of degree zero.
Proof. First, we consider the case when m ≥ 1. Since V ∗i Vj = δijI for i, j ∈ {1, . . . , n}, we have
T ∗i Tj =
δijI ∗ ∗∗ ∗ ∗
∗ ∗ ∗
 , i = 1, . . . , n,
where ∗ stands for an unspecified entry. Consequently, we deduce that ∆2T∗ = [δijIH − T
∗
i Tj]n×n =
[Kij ]n×n, where each operator entry Kij ∈ B(H) has the form Kij = [K
(pq)
ij ]3×3 =
0 ∗ ∗∗ ∗ ∗
∗ ∗ ∗
 with
respect to the decomposition H = H0 ⊕ H1 ⊕ H2. Let ∆T∗ have the matrix representation ∆T∗ =
[Dij ]n×n, where each entryDij has the form [D
(pq)
ij ]3×3, p, q ∈ {1, 2, 3}, with respect to the decomposition
H = H0 ⊕ H1 ⊕ H2. Since ∆T∗ is a positive operator, we must have Dii ≥ 0 and Dji = D∗ij for all
i, j ∈ {1, . . . , n}. This implies D
(pp)
ii ≥ 0 for all i ∈ {1, . . . , n} and p ∈ {1, 2, 3}, and D
(qp)
ji = (D
pq)
ij )
∗ for
all i, j ∈ {1, . . . , n} and p, q ∈ {1, 2, 3}. Since K
(11)
ii = 0 and
K
(11)
ii =
3∑
q=1
n∑
j=1
D
(1q)
ij (D
(1q)
ij )
∗ for i ∈ {1, . . . , n},
we deduce that D
(1q)
ij = 0 for all i, j ∈ {1, . . . , n} and q ∈ {1, 2, 3}. Therefore ∆T∗ has the operator
matrix representation
∆T∗ =

0 0 00 ∗ ∗
0 ∗ ∗
 · · ·
0 0 00 ∗ ∗
0 ∗ ∗

...
...
...0 0 00 ∗ ∗
0 ∗ ∗
 · · ·
0 0 00 ∗ ∗
0 ∗ ∗


.
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Now, note that
∆2T = I −
n∑
i=1
TiT
∗
i =
∗ ∗ ∗∗ ∗ ∗
∗ ∗ 0
 .
Setting ∆T = [Λpq]3×3 and taking into account that ∆T ≥ 0, we deduce that Λpp ≥ 0 and Λqp = Λ∗pq for
p, q ∈ {1, 2, 3}. Since
∆2T =
∗ ∗ ∗∗ ∗ ∗
∗ ∗ Λ∗13Λ13 + Λ
∗
23Λ23 + Λ
2
33
 ,
we must have Λ∗13Λ13 + Λ
∗
23Λ23 + Λ
2
33 = 0, which implies Λ13 = Λ23 = Λ33 = 0. Therefore, ∆T has the
form
∆T =
∗ ∗ 0∗ ∗ 0
0 0 0

with respect to the decomposition H = H0 ⊕H1 ⊕H2. Since
Tβ =
Vβ ∗ ∗0 0 ∗
0 0 Wβ

for all β ∈ F+n with |β| ≥ m ≥ 1, we deduce that
∆TT
∗
βPi∆T∗(⊕
n
i=1hi) =
n∑
i=1
∗ ∗ 0∗ ∗ 0
0 0 0
V ∗β 0 0∗ 0 0
∗ ∗ W ∗β
0 0 00 ∗ ∗
0 ∗ ∗
hi
=
n∑
i=1
∗ 0 0∗ 0 0
0 0 0
0 0 00 ∗ ∗
0 ∗ ∗
hi = 0
for any ⊕ni=1hi ∈ H
(n). Hence, ∆TT
∗
βPi∆T∗ = 0 for all β ∈ F
+
n with |β| ≥ m ≥ 1, which shows that the
characteristic function ΘT is a polynomial of degree ≤ m.
Now, we consider the case when m = 0. Similar considerations as above reveal that ∆T∗ and ∆T have
the forms
∆T∗ =

[
0 0
0 ∗
]
· · ·
[
0 0
0 ∗
]
...
...
...[
0 0
0 ∗
]
· · ·
[
0 0
0 ∗
]

and ∆T =
[
∗ 0
0 0
]
with respect to the decomposition H = H0⊕H2. Since Tβ =
[
Vβ ∗
0 Wβ
]
for all β ∈ F+n ,
we have
∆TT
∗
βPi∆T∗(⊕
n
i=1hi) =
n∑
i=1
[
∗ 0
0 0
] [
V ∗β 0
∗ W ∗β
] [
0 0
0 ∗
]
hi
=
n∑
i=1
[
∗ 0
0 0
] [
0 0
0 ∗
]
hi = 0
for any ⊕ni=1hi ∈ H
(n) and β ∈ F+n . Hence, we deduce that the characteristic function ΘT is a constant,
i.e., ΘT = ΘT (0). The proof is complete. 
Combining Theorem 1.1 and Theorem 1.2, we obtain the following characterization for row contractions
with polynomial characteristic functions.
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Theorem 1.3. Let T := [T1, . . . , Tn] ∈ [B(H)n]
−
1 be a row contraction. Then the characteristic function
ΘT is a noncommutative polynomial of degree m ∈ N if and only if there exist subspaces H0, H1, and H2
of H such that H = H0 ⊕H1 ⊕H2 and each Ti admits a representation
Ti =
Vi ∗ ∗0 Ni ∗
0 0 Wi
 , i = 1, . . . , n,
where V := [V1, . . . , Vn] ∈ [B(H0)n]
−
1 is a pure isometry, N := [N1, . . . , Nn] ∈ [B(H1)
n]−1 is a nilpotent
row contraction of order m, and W := [W1, . . . ,Wn] ∈ [B(H2)n]
−
1 is a coisometry. Moreover, the degree
of ΘT is the smallest possible order of N in the representation of T .
In general, a row contraction has many representations in upper triangular form. The next result
shows that, in a certain sense, the representation provided by Theorem 1.1 is unique.
Proposition 1.4. Let T := [T1, . . . , Tn] ∈ [B(H)n]
−
1 be a row contraction such that the characteristic
function ΘT is a noncommutative polynomial of degree m ∈ N. Let T := [T1, . . . , Tn] have a representation
Ti =
V ′i ∗ ∗0 N ′i ∗
0 0 W ′i
 , i = 1, . . . , n,
with respect to a decomposition H = H′0 ⊕ H
′
1 ⊕ H
′
2, where [V
′
1 , . . . , V
′
n] ∈ [B(H
′
0)
n]−1 is an isometry,
[N ′1, . . . , N
′
n] ∈ [B(H
′
1)
n]−1 is a nilpotent row contraction of order m, and [W
′
1, . . . ,W
′
n] ∈ [B(H
′
2)
n]−1 is a
coisometry.
Then the upper triangular representation of T given by Theorem 1.1 has the following properties:
Hv ⊆ H
′
0, Hc ⊇ H
′
2. Moreover,
Hv = span{Tβh : h ∈ DT , |β| ≥ m},
Hc = {h ∈ H :
∑
|α|=k
‖T ∗αh‖
2 = ‖h‖2 for all k ∈ N}, and
Hnil = H⊖ (Hv ⊕Hc).
Proof. As in the proof of Theorem 1.2, we deduce that ∆T has the form
∆T =
∗ ∗ 0∗ ∗ 0
0 0 0

with respect to the decomposition H = H′0 ⊕H
′
1 ⊕H
′
2 and
Tα∆T =
V ′β ∗ ∗0 0 ∗
0 0 W ′β
∗ ∗ 0∗ ∗ 0
0 0 0
 =
∗ ∗ 00 0 0
0 0 0

for any α ∈ F+n with |α| ≥ m. Consequently, if h = h0 ⊕ h1 ⊕ h1, where hj ∈ H
′
j for j = 0, 1, 2, then
Tα∆h =
∗0
0
 ∈ H′0 for |α| ≥ m. Hence Hv ⊂ H′0. Note that the inclusion H′2 ⊆ Hc is true due to the
fact that Hc is the largest invariant subspace under T ∗1 , . . . T
∗
n such that
T
∗
1 |Hc
...
T ∗n |Hc
 is an isometry. The
last part of the proposition follows from the proof of Theorem 1.1. 
In what follows, we call the upper triangular representation of T given by Theorem 1.1 canonical.
We recall that a row contraction T := [T1, . . . , Tn] ∈ [B(H)n]
−
1 is called completely non-unitary (c.n.u.)
if there is no nonzero subspaceM⊆H reducing under T1, . . . , Tn such that [T1|M, . . . , Tn|M] is a unitary
operator from M(m) to M.
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Using Theorem 1.1, one can easily deduce the following
Corollary 1.5. Let T := [T1, . . . , Tn] ∈ [B(H)n]
−
1 be a c.n.u. row contraction. Then the characteristic
function ΘT is a noncommutative polynomial of degree m ∈ N if and only if there exist subspaces H0,
H1, and H2 of H such that H = H0 ⊕H1 ⊕H2 and each Ti admits a representation
Ti =
Vi ∗ ∗0 Ni ∗
0 0 Ci
 , i = 1, . . . , n,
where V := [V1, . . . , Vn] ∈ [B(H0)n]
−
1 is a pure row isometry, N := [N1, . . . , Nn] ∈ [B(H1)
n]−1 is a
nilpotent row contraction of order m, and C := [C1, . . . , Cn] ∈ [B(H2)n]
−
1 is a c.n.u. coisometry.
We remark that there is a canonical upper triangular representation for c.n.u. row contractions,
namely, the one provided by Theorem 1.1.
2. Unitary invariants on the unit ball of B(H)n
In general, a row contraction has many representations in upper triangular form. The next result gives
another reason why we will focus on the canonical upper triangular representations of row contractions
with polynomial characteristic functions.
Proposition 2.1. Let T := [T1, . . . , Tn] ∈ [B(H)n]
−
1 and T
′ := [T ′1, . . . , T
′
n] ∈ [B(H
′)n]−1 be row contrac-
tions with polynomial characteristic functions, and let
Ti =
Vi ∗ ∗0 Ni ∗
0 0 Wi
 and T ′i =
V ′i ∗ ∗0 N ′i ∗
0 0 W ′i

be their canonical representations on H = Hv ⊕ Hnil ⊕ Hc and H′ = H′v ⊕ H
′
nil ⊕ H
′
c, respectively. If
U : H → H′ is a unitary operator such that UTi = T ′iU for all i = 1, . . . , n, then
U(Hv) = H
′
v, U(Hnil) = H
′
nil, U(Hc) = H
′
c,
and the diagonal entries of T and T ′ are unitarily equivalent, i.e.,
(U |Hv )Vi = V
′
i (U |Hv ), (U |Hnil)Ni = N
′
i(U |Hnil), (U |Hc)Wi =W
′
i (U |Hc)
for all i = 1, . . . , n. Moreover, if T := [T1, . . . , Tn] has a representation
Ti =
Ai ∗ ∗0 Bi ∗
0 0 Ci
 , i = 1, . . . , n,
with respect to a decomposition H = H0 ⊕H1 ⊕H2, where [A1, . . . , An] ∈ [B(H0)n]
−
1 is a pure isometry,
[B1, . . . , Bn] ∈ [B(H1)n]
−
1 is a nilpotent row contraction of order m ∈ N, and [C1, . . . , Cn] ∈ [B(H2)
n]−1
is a coisometry, then the diagonal entries of T are not, in general, unitarily equivalent with those
corresponding to the canonical representation of T .
Proof. According to Section 1, we have
Hv = span{Tβh : h ∈ DT , |β| ≥ m},
Hc = {h ∈ H :
∑
|α|=k
‖T ∗αh‖
2 = ‖h‖2 for all k ∈ N},
Hnil = H⊖ (Hv ⊕Hc),
and similar formulas hold for H′v,H
′
c and H
′
nil, respectively. If U : H→ H
′ is a unitary operator such that
UTi = T
′
iU for i = 1, . . . , n, then U∆T = ∆T ′U and U(Hv) = H
′
v, U(Hnil) = H
′
nil, and U(Hc) = H
′
c.
Now, it is easy to see that the diagonal entries of T and T ′ are unitarily equivalent.
To prove the last part of the proposition, let N be a separable Hilbert space and let Ci ∈ B(N ) be such
that C = [C1, . . . , Cn] is a coisometry. Fix m ≥ 1 and denote by Pm−1 the subspace of all polynomials
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of degree ≤ m − 1 in the full Fock space F 2(Hn), i.e. Pm−1 := span{eα : α ∈ F+n , |α| ≤ m − 1}. Let
T := [T1, . . . , Tn] be defined by
Ti =
Si 0 00 PPm−1Si|Pm−1 0
0 0 Ci
 , i = 1, . . . , n,
with respect to the decomposition H := F 2(Hn) ⊕ Pm−1 ⊕ N , where S1, . . . , Sn are the left creation
operators on F 2(Hn). According to Theorem 1.1, the canonical decomposition of Ti is
Ti =
Vi ∗ ∗0 Ni ∗
0 0 Ci
 , i = 1, . . . , n,
with respect to the decomposition H = Hv ⊕Hnil ⊕Hc, where
Hv := [F
2(Hn)⊖ Pm−1]⊕ 0⊕ 0, Hnil := Pm−1 ⊕ Pm−1 ⊕ 0, and Hc := 0⊕ 0⊕N ,
the operators Vi ∈ B(F 2(Hn)⊖ Pm−1), Ni ∈ B(Pm−1 ⊕ Pm−1), and Ci ∈ B(L) are defined by
Vi := Si|F 2(Hn)⊖Pm−1 , Ni :=
[
PPm−1Si|Pm−1 0
0 PPm−1Si|Pm−1
]
, and Wi := Ci
for any i = 1, . . . , n. We remark that the pure isometries [S1, . . . , Sn] and [V1, . . . , Vn] are not unitarily
equivalent, when n ≥ 2, since they have the multiplicity 1 and nm, respectively. Note also that the nilpo-
tent row contractions [PPm−1S1|Pm−1 , . . . , PPm−1Sn|Pm−1 ] and [N1, . . . , Nn] are not unitarily equivalent,
in spite of having the same order m. The proof is complete. 
We need to recall from [10] that the noncommutative Poisson kernel associated with a row contraction
T := [T1, . . . , Tn] ∈ [B(H)
n]−1 is the operator KT : H → F
2(Hn)⊗∆TH defined by
KTh :=
∞∑
k=0
∑
|α|=k
eα ⊗∆TT
∗
αh, h ∈ H.
The operator KrT is an isometry if 0 < r < 1, and
K∗TKT = I − SOT- lim
k→∞
∑
|α|=k
TαT
∗
α.
The connection between the characteristic function and the Poisson kernel of a row contraction is given
by the formula I −ΘTΘ∗T = KTK
∗
T (see [13]).
Let N∞ := N ∪ {∞} and define the map
Γ : [B(H)n]−1 → N∞ × N∞ × N∞, Γ(T ) := (p,m, q),
by setting m := deg(ΘT ), q := dim(kerKT ), and
p :=
{
dim(Dm ⊖Dm+1) if m ∈ N
dim∆TH if m =∞,
where Dm := span{Tβ∆Th : h ∈ H, |β| ≥ m}, ΘT is the characteristic function, KT is the noncommuta-
tive Poisson kernel, and ∆T is the defect operator associated with T ∈ [B(H)n]
−
1 . One can easily show
that the map Γ is a unitary invariant for row contractions, i.e., if T ∈ [B(H)n]−1 and T
′ ∈ [B(H′)n]−1 are
unitarily equivalent, then Γ(T ) = Γ(T ′).
The next result shows that the map Γ detects the pure row isometries in the closed unit ball of B(H)n
and completely classify them up to a unitary equivalence.
Theorem 2.2. Let T := [T1, . . . , Tn] ∈ [B(H)
n]−1 be a row contraction. Then the following statements
hold:
(i) T is a pure isometry if and only if Γ(T ) ∈ N∞ × {0} × {0}.
(ii) If T, T ′ ∈ [B(H)n]−1 and Γ(T ) = Γ(T
′) = (p, 0, 0) for some p ∈ N∞, then T is unitarily equivalent
to T ′ and p = rank∆T = rank∆T ′ .
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Proof. First, we assume that T is a pure isometry. According to the Wold decomposition for isometries
with orthogonal subspaces [4], T is unitarily equivalent to (S1 ⊗ IK, . . . , Sn ⊗ IK) for some Hilbert space
K. Therefore, without loss of generality we can assume that T = [S1 ⊗ IK, . . . , Sn ⊗ IK]. In this case,
we have ∆T = PC ⊗ IK and ∆T∗ = 0. Consequently, we deduce that DT = 1 ⊗ K, DT∗ = {0}, and
ΘT = 0 ∈ B({0},K). Hence, deg(ΘT ) = 0. Note that
[span{Tβ∆Th : h ∈ H, |β| ≥ m} ⊖ span{Tβ∆Th : h ∈ H, |β| ≥ m+ 1}] = 1⊗K
and p = dimK = rank∆T . On the other hand, since
kerKT = {h ∈ H :
∑
|α|=k
‖T ∗αh‖
2 = ‖h‖2 for all k ∈ N} = Kc
and T = [S1 ⊗ IK, . . . , Sn ⊗ IK] is a completely non-coisometric row contraction, we have kerKT = Hc =
{0} and, therefore, dimkerKT = 0. Summing up, we deduce that Γ(T ) ∈ N∞ × {0} × {0}.
Conversely, assume that T is a row contraction with Γ(T ) ∈ N∞ ×{0}× {0}. Then we have kerKT =
Hc = {0}. According to Theorem 1.1, Ti admits the representation
Ti =
[
Vi ∗
0 Ni
]
, i = 1, . . . , n,
with respect to the decomposition H = Hv ⊕Hnil. On the other hand, since deg(ΘT ) = 0, we must have
Hnil = {0} and Ti = Vi for i = 1, . . . , n. Therefore, T = [V1, . . . , Vn] is a pure isometry on H and, using
the Wold decomposition for isometries with orthogonal subspaces, we deduce that
p = dim
[
span{Tβh : h ∈ DT , β ∈ F
+
n } ⊖ span{Tβh : h ∈ DT , |β| ≥ 1}
]
is the dimension of the wandering subspace for T = [V1, . . . , Vn]. Hence, T = [V1, . . . , Vn] is unitarily
equivalent to [S1 ⊗ IK, . . . , Sn ⊗ IK] for some Hilbert space K with dimK = p, where S1, . . . , Sn are the
left creation operators on the full Fock space F 2(Hn). Therefore, part (i) holds.
To prove part (ii), assume that T, T ′ ∈ [B(H)n]−1 and Γ(T ) = Γ(T
′) = (p, 0, 0) for some p ∈ N∞. Due
to the first part of the proof, we deduce that T and T ′ are pure row contractions with the property that
the dimensions of their wandering subspaces are equal to p = rank∆T = rank∆T ′ . Consequently, using
the Wold decomposition, we conclude that the pure row isometries T and T ′ are unitarily equivalent.
The proof is complete. 
We remark that, due to Theorem 2.2 and the model theory for row contraction [5], if q = 0 and
m = 0 or q = 0 and m =∞, then p represents the multiplicity of the n-tuple (S1, . . . , Sn) of left creation
operators in the operator model of T = (T1, . . . , Tn).
Corollary 2.3. Let T := (T1, . . . , Tn) ∈ [B(H)n]
−
1 be a row contraction and S1, . . . , Sn be the left creation
operators on the full Fock space F 2(Hn). Then T is unitarily equivalent to (S1 ⊗ IK, . . . , Sn ⊗ IK) for
some Hilbert space K if and only if
Γ(T ) = (dimK, 0, 0).
In this case, rank∆T = dimK.
Let Φ : [B(H)n]1 → B(H)⊗¯B(K1,K2) and Φ′ : [B(H)n]1 → B(H)⊗¯B(K′1,K
′
2) be two free holomorphic
functions. We say that Φ and Φ′ coincide if there are two unitary operators τj ∈ B(Kj ,K′j), j = 1, 2,
such that
Φ′(X)(IH ⊗ τ1) = (IH ⊗ τ2)Φ(X), X ∈ [B(H)
n]1.
Now, we can prove the following classification result.
Theorem 2.4. Let T := [T1, . . . , Tn] ∈ [B(H)n]
−
1 be a row contraction. Then the following statements
hold:
(i) T is a pure row contraction with polynomial characteristic function if and only if
Γ(T ) ∈ N∞ × N× {0}.
UNITARY INVARIANTS FOR ON THE UNIT BALL OF B(H)n 13
In this case, Ti has the canonical form Ti =
[
Vi ∗
0 Ni
]
, where V := [V1, . . . , Vn] ∈ [B(Hv)n]
−
1 is a
pure isometry and N := [N1, . . . , Nn] ∈ [B(Hnil)n]
−
1 is a nilpotent row contraction.
(ii) the map T 7→ (Γ(T ),ΘT ) detects the pure row contractions with polynomial characteristic func-
tions and completely classify them.
Proof. Assume that T is a pure row contraction with polynomial characteristic function. Let
Ti =
Vi ∗ ∗0 Ni ∗
0 0 Wi

be the canonical upper triangular representation on H = Hv ⊕Hnil ⊕Hc, provided by Theorem 1.1. If
h ∈ Hc, then T ∗α(0⊕ 0⊕⊕h) = 0⊕ 0⊕W
∗
αh. Consequently, we have
‖h‖2 =
∑
|α|=k
‖W ∗αh‖
2 =
∑
|α|=k
‖T ∗α(0⊕ 0⊕ h)‖
2, k ∈ N.
Since T is a pure row contraction, we deduce that h = 0, which shows that Hc = {0}. Therefore,
Γ(T ) ∈ N∞×N×{0} and Ti has the form Ti =
[
Vi ∗
0 Ni
]
with respect to the decompositionH = Hv⊕Hnil,
where V := [V1, . . . , Vn] ∈ [B(Hv)n]
−
1 is a pure isometry and N := [N1, . . . , Nn] ∈ [B(Hnil)
n]−1 is a
nilpotent row contraction.
Conversely, assume that T is a row contraction with Γ(T ) ∈ N∞ × N × {0}. Hence, dim(kerKT ) = 0
and Hc = {0}. According to Theorem 1.1, Ti has the form Ti =
[
Vi ∗
0 Ni
]
. Assuming that N is a
nilpotent n-tuple of order m, we deduce that there exist operators X(α) ∈ B(Hnil,Hv) such that
(2.1) Tα =
[
Vα X(α)
0 0
]
for all α ∈ F+n with |α| = m. Since [T1, . . . , Tn] is a row contraction, so is the row operator [Tα : |α| = k]
for any k ≥ 1. In particular, we have∑
|α|=m
‖T ∗α(x⊕ 0)‖
2 =
∑
|α|=m
‖V ∗αx‖
2 +
∑
|α|=m
‖X∗(α)x‖
2 ≤ ‖x‖2
for any, x ∈ Hv. Consequently, the row operator [X(α) : |α| = m] is a contraction. Let α1, . . . , αk ∈ F
+
n
be such that |α1| = · · · = |αk| = m, and note that, due to relation (2.1),
Tα1 · · ·Tαk =
[
Vα1 · · ·Vαk Vα1 · · ·Vαk−1X(αk)
0 0
]
.
Since [X(α) : |α| = m] is a contraction, we have∑
α1,...,αk∈F
+
n
|α1|=···=|αk|=m
‖T ∗α1···αk(x⊕ y)‖
2 =
∑
α1,...,αk∈F
+
n
|α1|=···=|αk|=m
‖V ∗α1···αkx‖
2 +
∑
α1,...,αk∈F
+
n
|α1|=···=|αk|=m
‖X∗αkV
∗
α1···αk−1x‖
2
≤
∑
γ∈F+n ,|γ|=mk
‖V ∗γ x‖
2 +
∑
γ∈F+n ,|γ|=m(k−1)
‖V ∗γ x‖
2
for any x⊕ y ∈ Hv ⊕Hnil. Taking into account that [V1, . . . , Vn] is a pure isometry, we have
lim
k→∞
∑
γ∈F+n ,|γ|=k
‖V ∗γ x‖
2 = 0, x ∈ Hv.
Hence, and using the inequalities above, we conclude that
(2.2) lim
k→∞
∑
γ∈F+n ,|γ|=mk
‖T ∗γ (x⊕ y)‖
2 = 0, x⊕ y ∈ Hv ⊕Hnil.
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If q ≥ N, then q = mkq+pq for unique kq ∈ N and pq ∈ {0, 1, . . . ,m−1}. Using the fact that [Tγ : |γ| = pq]
is a row contraction, we have∑
|α|=q
‖T ∗γ (x⊕ y)‖
2 =
∑
|γ|=pq,|σ|=mkq
‖T ∗γT
∗
σ (x⊕ y)‖
2
≤
∑
|σ|=mkq
‖T ∗σ(x⊕ y)‖
2.
Hence, and using (2.2), we deduce that limp→∞
∑
|α|=q ‖T
∗
γ (x⊕ y)‖
2 = 0, which proves that [T1, . . . , Tn]
is a pure row contraction. The proof of part (i) complete.
To prove part (ii), let T, T ′ ∈ [B(H)n]−1 be row contractions. Using the result from part (i) and
Theorem 5.4 from [5], we deduce that T and T ′ are unitarily equivalent pure row contractions with
polynomial characteristic functions if and only if Γ(T ) and Γ(T ′) are in N∞×N×{0}, and the characteristic
functions ΘT and ΘT ′ coincide. This completes the proof. 
Using Theorem 1.3, we can easily deduce the following
Proposition 2.5. Let T := [T1, . . . , Tn] ∈ [B(H)n]
−
1 be a row contraction with polynomial characteristic
function. Then the following statements hold.
(i) Ti has the form Ti =
[
Ni ∗
0 Wi
]
if and only if Γ(T ) ∈ {0} × N× N∞.
(ii) Ti has the form [Ni] if and only if Γ(T ) ∈ {0} × N× {0}.
(iii) Ti has the form [Wi] if and only if Γ(T ) ∈ {0} × {0} × N∞.
Corollary 2.6. Let T := [T1, . . . , Tn] ∈ [B(H)n]
−
1 be a row contraction. Then T is c.n.c. if and only if
Γ(T ) ∈ N∞ ×N∞ × {0}. In this case, the characteristic function ΘT is a noncommutative polynomial of
degree m ∈ N if and only if there exist subspaces Hv and Hnil of H such that H = Hv ⊕Hnil and each
Ti admits a representation
Ti =
[
Vi ∗
0 Ni
]
, i = 1, . . . , n,
where V := [V1, . . . , Vn] ∈ [B(Hv)n]
−
1 is a pure row isometry and N = [N1, . . . , Nn] ∈ [B(Hnil)
n]−1 is a
nilpotent row contraction of order m. Moreover, the degree of ΘT is the smallest possible order of N in
the representation of T .
Proof. Since T is c.n.c. row contraction, we must have Hc = {0}. Applying Theorem 1.3, the result
follows. 
We remark that the map T 7→ (Γ(T ),ΘT ) detects the c.n.c. row contractions and completely classify
them. Indeed, Corollary 2.6 above and Theorem 5.4 from [5], imply that T and T ′ are unitarily equivalent
c.n.c. row contractions if and only if Γ(T ) and Γ(T ′) are in N∞×N∞×{0} and the characteristic functions
ΘT and ΘT ′ coincide.
The next result is a characterization of row contractions with constant characteristic function.
Theorem 2.7. Let T := [T1, . . . , Tn] ∈ [B(H)n]
−
1 be a row contraction. Then the following statements
are equivalent:
(i) the characteristic function ΘT is a constant, i.e, ΘT = ΘT (0);
(ii) Γ(T ) ∈ N∞ × {0} × N∞;
(iii) T admits the canonical representation
Ti =
[
Vi ∗
0 Wi
]
, i = 1, . . . , n,
where V := [V1, . . . , Vn] ∈ [B(Hv)n]
−
1 is a pure isometry and W := [W1, . . . ,Wn] ∈ [B(Hc)
n]−1 is
a coisometry.
If, in addition, T is c.n.u, then ΘT is constant if and only if T has the representation above where V is
a pure isometry and W is a c.n.u. coisometry.
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Proof. Using Theorem 1.3, Corollary 1.5, and the definition of the map Γ, the result follows. 
3. The automorphism group Aut(B(H)n1 ) and unitary projective representation
The theory of noncommutative characteristic functions for row contractions [5] was used in [16] to
determine the group Aut(B(H)n1 ) of all free holomorphic automorphisms of the noncommutative ball
[B(H)n]1. We showed that any Ψ ∈ Aut(B(H)
n
1 ) has the form
Ψ = ΦU ◦Ψλ,
where ΦU is an automorphism implemented by a unitary operator U on C
n, i.e.,
ΦU (X1, . . . , Xn) := [X1, . . . , Xn]U, (X1, . . . , Xn) ∈ [B(H)
n]1,
and Ψλ is an involutive free holomorphic automorphism associated with λ := Ψ
−1(0) ∈ Bn. The auto-
morphism Ψλ : [B(H)n]1 → [B(H)n]1 is given by
Ψλ(X1, . . . , Xn) := λ−∆λ
(
IH −
n∑
i=1
λ¯iXi
)−1
[X1, . . . , Xn]∆λ∗ , (X1, . . . , Xn) ∈ [B(H)
n]1,
where ∆λ and ∆λ∗ are the defect operators associated with the row contraction λ := [λ1, . . . , λn]. Note
that, when λ = 0, we have Ψ0(X) = −X . We recall that if λ ∈ Bn\{0} and γ :=
1
‖λ‖2
, then Ψλ is a free
holomorphic function on [B(H)n]γ which has the following properties:
(i) Ψλ(0) = λ and Ψλ(λ) = 0;
(ii) Ψλ is an involution, i.e., Ψλ(Ψλ(X)) = X for any X ∈ [B(H)n]γ ;
(iii) Ψλ is a free holomorphic automorphism of the noncommutative unit ball [B(H)n]1;
(iv) Ψλ is a homeomorphism of [B(H)n]
−
1 onto [B(H)
n]−1 .
We say that a row contraction T = (T1, . . . , Tn) ∈ [B(H)n]
−
1 is homogeneous if T is unitarily equivalent
to ϕ(T ) for any ϕ = (ϕ1, . . . , ϕn) ∈ Aut(B(H)
n
1 ).
Theorem 3.1. Let T := [T1, . . . , Tn] ∈ [B(H)n]
−
1 be a completely non-coisometric row contraction.
Then T is homogeneous if and only if ΘT ◦ Ψ
−1 coincides with the characteristic function ΘT for any
Ψ ∈ Aut(B(H)n1 ).
Proof. Let Ψ := ΦU ◦Ψλ be a free holomorphic automorphism of [B(H)n]1, where U is a unitary operator
on Cn and λ ∈ Bn. According to [16], the characteristic function has the property that
ΘΨ(T )(X) = −(IG ⊗ Ω
∗)(ΘT ◦Ψ
−1)(X)(IG ⊗ Ω∗U), X ∈ [B(G)
n]1,
where Ω and Ω∗ are the unitary operators. Therefore, ΘT ◦Ψ−1 coincides with the characteristic function
ΘΨ(T ) for any Ψ ∈ Aut(B(H)
n
1 ). Since T and Ψ(T ) are c.n.c. row contractions, we can apply Theorem
5.4 from [5], to deduce that T is homogeneous if and only if ΘT coincides with ΘΨ(T ). Consequently,
T is homogeneous if and only if ΘT coincides with ΘT ◦ Ψ−1 for any Ψ ∈ Aut(B(H)n1 ). The proof is
complete. 
Lemma 3.2. Let Φk,Φ,Γp, and Γ be in the automorphism group Aut(B(H)n1 ), where k, p ∈ N. If Φk → Φ
and Γp → Γ uniformly on [B(H)n]
−
1 , then Φk ◦ Γp → Φ ◦ Γ uniformly on [B(H)
n]−1 , as k, p→∞.
Proof. Since Φ ∈ Aut(B(H)n1 ), it is uniformly continuous on [B(H)
n]−1 . Hence, for any ǫ > 0, there is
δ > 0 such that ‖Φ(Y ) − Φ(Z)‖ < ǫ2 for any Y, Z ∈ [B(H)
n]−1 with ‖Y − Z‖ < δ. Taking into account
that Γp → Γ uniformly on [B(H)n]
−
1 , we find N ∈ N such that ‖Γp−Γ‖∞ < δ for any p ≥ N . Hence, we
have
‖Φ(Γp(X))− Φ(Γ(X))‖ <
ǫ
2
for any X ∈ [B(H)n]−1 and p ≥ N . Consequently, we have
‖(Φk ◦ Γp)(X)− (Φ ◦ Γ)(X)‖ ≤ ‖(Φk − Φ)(Γp(X))‖+ ‖Φ(Γp(X))− Φ(Γ(X))‖
≤ ‖Φk − Φ‖∞ +
ǫ
2
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for any X ∈ [B(H)n]−1 , k ∈ N, and p ≥ N . Since ‖Φk − Φ‖∞ → 0 as k → ∞, there is M ∈ N such that
‖Φk − Φ‖∞ <
ǫ
2 for any k ≥ M . Combining these inequalities, we deduce that ‖Φk ◦ Γp − Φ ◦ Γ‖∞ < ǫ
for any p ≥ N and k ≥M , which completes the proof. 
Let φ, ψ ∈ Aut(B(H)n1 ) and define
dE(φ, ψ) := ‖φ− ψ‖∞ + ‖φ
−1(0)− ψ−1(0)‖.
One can easily check that dE is a metric on Aut(B(H)
n
1 ).
Lemma 3.3. Let Φk = ΦU(k) ◦Ψλ(k) , k ∈ N, and Φ = ΦU ◦Ψλ be free holomorphic automorphisms of the
noncommutative ball [B(H)n]1, where U (k), U ∈ U(Cn) and λ(k), λ ∈ Bn. Then the following statements
are equivalent:
(i) Φk → Φ in the metric dE ;
(ii) U (k) → U in B(Cn) and λ(k) → λ in the Euclidean norm of Bn;
(iii) ΦU(k) → ΦU and Ψλ(k) → Ψλ uniformly on [B(H)
n]−1 .
Proof. First, we prove that (ii) is equivalent to (iii). Assume that U (k) = [u
(k)
ij ]n×n, k ∈ N, and U =
[uij ]n×n are unitary matrices with scalar entries, and ΦU(k) → ΦU uniformly on [B(H)
n]−1 , as k → ∞.
For each j = 1, . . . , n, denote Ij := [0, . . . , I, . . . , 0], where the identity is on the j-position. Since
‖ΦU(k)(Ii) − ΦU (Ii)‖ =
(∑n
j=1 |u
(k)
ij − uij |
2
)1/2
, it is clear that, for each i, j ∈ {1, . . . , n}, u
(k)
ij → uij
as k → ∞. Hence, U (k) → U in B(Cn). Conversely, assume that the latter condition holds. Since
‖ΦU(k)(X)−ΦU (X)‖ ≤ ‖X‖‖U
(k) − U‖ for any X = [X1, . . . , Xn] ∈ [B(H)n]
−
1 , we deduce that ΦU(k) →
ΦU uniformly on [B(H)n]
−
1 .
Now we prove that λ(k) → λ in the Euclidean norm of Bn if and only if Ψλ(k) → Ψλ uniformly on
[B(H)n]−1 . Since Ψλ(k)(0) = λ
(k) and Ψλ(0) = λ, one implication is clear. To prove the converse, assume
that λ(k) → λ in the Euclidean norm of Bn. Since the right creation operators R1, . . . , Rn are isometries
with orthogonal ranges, we have∥∥∥∥∥
n∑
i=1
λiRi
∥∥∥∥∥ =
∥∥∥∥∥
(
n∑
i=1
λiR
∗
i
)(
n∑
i=1
λiRi
)∥∥∥∥∥
1/2
=
(
n∑
i=1
|λi|
2
)1/2
< 1.
Consequently,
(∑n
i=1 λ
(k)
i Ri
)−1
converges to
(∑n
i=1 λiRi
)−1
, as k → ∞, in the operator norm. Taking
into account that
Ψ̂λ = λ−∆λ
(
I −
n∑
i=1
λiRi
)−1
[R1, . . . , Rn]∆λ∗
and a similar relation holds for Ψ̂λ(k) , we deduce that Ψ̂λ(k) → Ψ̂λ in the operator norm. Due to the
noncommutative von Neumann inequality [6], we have ‖Ψλ(k)(X) − Ψλ(X)‖ ≤ ‖Ψ̂λ(k) − Ψ̂λ‖ for any
X = [X1, . . . , Xn] ∈ [B(H)n]
−
1 . Hence, Ψλ(k) → Ψλ uniformly on [B(H)
n]−1 , which proves our assertion.
Therefore, (ii) is equivalent to (iii).
Now, we prove that (i) =⇒ (ii). Assume that dE(Φk,Φ) → 0 as k → ∞. Hence, Φk → Φ uniformly
on [B(H)n]−1 and λ
(k) = Φ−1k (0) → λ = Φ
−1(0) in Bn. Consequently, as proved above, we have that
Ψλ(k) → Ψλ uniformly on [B(H)
n]−1 . Using Lemma 3.2 and the fact that Φk = ΦU(k) ◦Ψλ(k) , k ∈ N, and
Φ = ΦU ◦Ψλ, we deduce that
ΦU(k) = Φk ◦Ψλ(k) → Φ ◦Ψλ = ΦU
uniformly on [B(H)n]−1 . Hence, U
(k) → U in B(Cn) and, therefore, (ii) holds.
It remains to prove that (ii) =⇒ (i). Assume that (ii) holds. As proved above, ΦU(k) → ΦU and
Ψλ(k) → Ψλ uniformly on [B(H)
n]−1 . By Lemma 3.2, we deduce that
Φk = ΦU(k) ◦Ψλ(k) → Φ = ΦU ◦Ψλ
uniformly on [B(H)n]−1 . On the other hand, we have Φ
−1
k (0) = λ
(k) → λ = Φ−1(0) in Bn. Now, one can
easily see that dE(Φk,Φ)→ 0 as k →∞. The proof is complete. 
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After these preliminaries, we can prove the following
Theorem 3.4. The free holomorphic automorphism group Aut(B(H)n1 ) is a σ-compact, locally compact
topological group with respect to the topology induced by the metric dE .
Proof. First, we prove that the map
Aut(B(H)n1 ×Aut(B(H)
n
1 ∋ (Φ,Γ) 7→ Φ ◦ Γ ∈ Aut(B(H)
n
1
is continuous when Aut(B(H)n1 has the topology induced by the metric dE . For k, p ∈ N, let
Φk = ΦU(k) ◦Ψλ(k) , Γp = ΦW (p) ◦Ψµ(p) ,
Φ = ΦU ◦Ψλ, Γ = ΦW ◦Ψµ,
be free holomorphic automorphisms of [B(H)n]1, in standard decomposition. Then U (k),W (p), U,W are
unitary operators on Cn and λ(k), µ(p), λ, µ are in Bn satisfying relations
λ(k) = Φ−1k (0), µ
(p) = Γ−1p (0), λ = Φ
−1(0), and µ = Γ−1(0).
Since Φk ◦ Γp ∈ Aut(B(H)
n
1 , it has the standard representation
(3.1) Φk ◦ Γp = ΦΩ(kp) ◦Ψz(kp)
for some unitary operator Ω(kp) ∈ U(Cn) and z(kp) ∈ Bn. Note that
z(kp) = (Φk ◦ Γp)
−1(0) = (Ψ−1
µ(p)
◦ Φ−1
W (p)
◦ Φ−1k )(0) = Ψµ(p)
(
λ(k)W (p)
∗
)
.
Similarly, since Φ◦Γ ∈ Aut(B(H)n1 , we have Φ◦Γ = ΦΩ◦Ψz for some Ω ∈ U(C
n) and z = Ψµ(λW
∗) ∈ Bn.
Assume that dE(Φk,Φ)→ 0 as k →∞ and dE(Γp,Γ)→ 0 as p→∞. According to Lemma 3.3, λ(k) → λ
in Bn and W
(p) → W in B(Cn). Hence, λ(k)W (p)
∗
→ λW ∗ in B(Cn). Applying again Lemma 3.3, we
deduce that Ψµ(p) → Ψµ uniformly on [B(H)
n]−1 . Consequently,
z(kp) = Ψµ(p)
(
λ(k)W (p)
∗
)
→ z = Ψµ(λW
∗) ∈ Bn
as k, p → ∞. This implies that Ψz(kp) → Ψz uniformly on [B(H)
n]−1 . On the other hand, since Φk → Φ
and Γp → Γ uniformly on [B(H)n]
−
1 , Lemma 3.2 shows that Φk ◦ Γp → Φ ◦ Γ uniformly on [B(H)
n]−1 as
k, p→∞. Now, by relation (3.1) and Lemma 3.2, we deduce that
ΦΩ(kp) = (Φk ◦ Γp) ◦Ψz(kp) → (Φ ◦ Γ) ◦Ψz = ΦΩ
uniformly on [B(H)n]−1 . This implies that Ω
(kp) → Ω in B(Cn) as k, p → ∞. Using again Lemma 3.3,
we conclude that Φk ◦ Γp → Φ ◦ Γ, which proves our assertion.
In what follows, we show that the map Φ 7→ Φ−1 is continuous on Aut(B(H)n1 ) with the topology
induced by the metric dE . Assume that dE(Φk,Φ) → 0 as k → ∞. Using the same notations as above,
we have ΦU(k) → ΦU and Ψλ(k) → Ψλ uniformly on [B(H)
n]−1 . Applying Lemma 3.2, we deduce that
(3.2) Φ−1k = Ψλ(k) ◦ ΦU(k)∗ → Ψλ ◦ ΦU∗ = Φ
−1
uniformly on [B(H)n]−1 , as k → ∞. On the other hand, we have the standard representations Φ
−1
k =
ΦW (k) ◦ Ψz(k) and Φ
−1
k = ΦW ◦ Ψz for some unitary operators W
(k),W ∈ B(Cn) and z(k), z ∈ Bn. Note
that z(k) = Φk(0) = (ΦU(k) ◦ Ψλ(k))(0) = λ
(k)U (k) and z = Φ(0) = λU . Since λ(k) → λ in Bn, we have
z(k) → z in Bn, which implies Ψz(k) → Ψz uniformly on [B(H)
n]−1 , as k → ∞. Using relation (3.2) and
Lemma 3.2, we deduce that
ΦW (k) = Φ
−1
k ◦ Φz(k) → ΦW = Φ
−1 ◦Ψz
uniformly on [B(H)n]−1 . Applying Lemma 3.3, we conclude that Φ
−1
k → Φ
−1 in the topology induced by
the metric dE .
Each free holomorphic automorphism Φ ∈ Aut(B(H)n1 has a unique representation Φ = ΦU ◦ Ψλ,
where λ := Φ−1(0) and U ∈ U(Cn). This generates a bijection χ : Aut(B(H)n1 → U(C
n) × Bn by
setting χ(Φ) := (U, λ). According to Lemma 3.3, the map χ is a homeomorphism of topological spaces,
where Aut(B(H)n1 has the topology induced by the metric dE and U(C
n)×Bn has the natural topology.
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Consequently, since U(Cn)×Bn is a σ-compact, locally compact topological space, so is the automorphism
group Aut(B(H)n1 . The proof is complete. 
Corollary 3.5. The free holomorphic automorphism group Aut(B(H)n1 ) is path connected.
Proof. Fix a unitary operator U ∈ U(Cn) and λ ∈ Bn. Since the unitary group U(C
n) is path connected,
there is a a continuous map [0, 1] ∋ t 7→ Ut ∈ U(Cn) such that U0 = I and U1 = U . Using Lemma 3.3,
we deduce that the map ϕ : [0, 1]→ Aut(B(H)n1 ) defined by ϕ(t) := ΦUt ◦Ψtλ is continuous with respect
to the metric dE . Since ϕ(0) = Ψ0 and ϕ(1) = ΦU ◦Ψλ, the proof is complete. 
Let Aut(B(H)n1 ) be the free holomorphic automorphism group of the noncommutative ball [B(H)
n]1
and let U(K) be the unitary group on the Hilbert space K. According to Theorem 3.4, Aut(B(H)n1 ) is
a topological group with respect to the metric dE . A map π : Aut(B(H)n1 ) → U(K) is called (unitary)
projective representation if the following conditions are satisfied:
(i) π(id) = I, where id is the identity on [B(H)n]1;
(ii) π(ϕ)π(ψ) = c(ϕ, ψ)π(ϕ ◦ ψ), for any ϕ, ψ ∈ Aut(B(H)n1 ), where c(ϕ, ψ) is a complex number
with |c(ϕ, ψ)| = 1;
(iii) the map Aut(B(H)n1 ) ∋ ϕ 7→ 〈π(ϕ)ξ, η〉 ∈ C is continuous for each ξ, η ∈ K.
Theorem 3.6. Any completely non-coisometric row contraction T := [T1, . . . , Tn] ∈ [B(H)n]
−
1 with
constant characteristic function is homogeneous. If T is irreducible, then the following statements hold:
(i) ϕi(T ) = U
∗
ϕTiUϕ for all ϕ ∈ Aut(B(H)
n
1 ), where Uϕ ∈ B(F
2(Hn)) is a unitary operator and
UϕUψ = c(ϕ, ψ)Uϕ◦ψ , ϕ, ψ ∈ Aut(B(H)
n
1 ),
for some complex number c(ϕ, ψ) ∈ T.
(ii) the map ϕ→ U∗ϕ is continuous from the uniform topology to the strong operator topology.
(iii) The map π : Aut(B(H)n1 ) → B(F
2(Hn)) defined by π(ϕ) := Uϕ is a projective representation of
the automorphism group Aut(B(H)n1 ).
Proof. The fact that T is homogeneous follows from Theorem 3.1 using the fact that the characteristic
function is constant, i.e., ΘT = ΘT (0). According to Theorem 2.7, if T := [T1, . . . , Tn] ∈ [B(H)n]
−
1 is
a c.n.c row contraction with polynomial characteristic function, then the characteristic function ΘT is a
constant if and only if T is a pure isometry. Consequently, if T is irreducible we can assume, without loss
of generality, that T = [S1, . . . , Sn].
Let ϕ = (ϕ1, . . . , ϕn) ∈ Aut(B(H)n1 ) and let ϕ̂ = (ϕ̂1, . . . , ϕ̂n) be its model boundary function. Note
that ϕ̂ is a pure row isometry and and ϕ̂i = ϕi(S1, . . . , Sn) for i = 1, . . . , n. Using the noncommutative
Poisson transform at ϕ̂, we obtain
(3.3) ϕi(S1, . . . , Sn) = Pϕ̂(Si) = K
∗
ϕ̂(Si ⊗ IDϕ̂))Kϕ̂, i = 1, . . . , n,
where the Poisson kernelKϕ̂ : F
2(Hn)→ F 2(Hn)⊗Dϕ̂ is an isometry. On the other hand, since ϕ̂
∗ϕ̂ = I,
the characteristic function Θ˜ϕ̂ = 0. Since I − Θ˜ϕ̂Θ˜
∗
ϕ̂ = Kϕ̂K
∗
ϕ̂, we have Kϕ̂K
∗
ϕ̂ = I, which implies that
Kϕ̂ is a unitary operator.
According to [16] , ϕ = ΦU ◦Ψλ, where λ := (λ1, . . . , λ) = ϕ
−1(0) ∈ Bn and U is unitary operator on
Cn. Moreover, we have
∆2
Ψˆλ
= ∆λ
(
I −
n∑
i=1
λ¯Si
)−1
PC
(
I −
n∑
i=1
λiS
∗
i
)−1
∆λ.
Therefore, there is a unitary operator Λλ : DΨˆλ → C defined by
Λλ∆Ψˆλf := (1− ‖λ‖
2
2)
1/2PC
(
I −
n∑
i=1
λiS
∗
i
)−1
f
= (1− ‖λ‖22)
1/2f(λ)
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for any f ∈ F 2(Hn). Hence, we deduce that
Λλ(z∆Ψˆλ(1)) = z(1− ‖λ‖
2
2)
1/2, z ∈ C,
and DΨˆλ = C∆Ψˆλ(1). Since ∆ϕ̂ = ∆Ψˆλ , we deduce that the operator Wϕ̂ : F
2(Hn) ⊗ Dϕ̂ → F
2(Hn)
defined by
Wϕ̂(g ⊗ z∆ϕ̂(1)) := z(1− ‖λ‖
2
2)
1/2g, g ∈ F 2(Hn) and z ∈ C,
is unitary. Consequently, we have
(3.4) W ∗ϕ̂(g) = g ⊗
1
(1− ‖λ‖22)
1/2
∆ϕ̂(1)), g ∈ F
2(Hn).
Setting Uϕ :=Wϕ̂Kϕ̂, relation (3.3) implies
ϕi(S1, . . . , Sn) = U
∗
ϕSiUϕ, i = 1, . . . , n,
for any ϕ ∈ Aut(B(H)n1 ). Hence, if ψ ∈ Aut(B(H)
n
1 ), then
(3.5) (ϕi ◦ ψ)(S1, . . . , Sn) = U
∗
ϕ◦ψSiUϕ◦ψ, i = 1, . . . , n.
On the other hand, due to Theorem 3.1 from [16], the noncommutative Poisson transform satisfies the
relation P
ϕ̂◦ψ
[χ] = Pψ̂Pϕ̂[χ] for any χ ∈ C
∗(S1, . . . , Sn), the Cuntz-Toeplitz C
∗-algebra generated by the
left creation operators S1, . . . , Sn. In particular, when χ = Si, we obtain
K∗
ϕ̂◦ψ
(Si ⊗ ID
ϕ̂◦ψ
)K
ϕ̂◦ψ
= K∗
ψ̂
{
[K∗ϕ̂(Si ⊗ IDϕ̂)Kϕ̂]⊗ IDψ̂
}
Kψ̂, i = 1, . . . , n.
Hence, we deduce that
(ϕi ◦ ψ)(S1, . . . , Sn) = U
∗
ψU
∗
ϕSiUϕUψ, i = 1, . . . , n.
Combining this relation with (3.5), we deduce that
U∗ϕ◦ψSiUϕ◦ψ = U
∗
ψU
∗
ϕSiUϕUψ, i = 1, . . . , n,
which is equivalent to
UϕUψU
∗
ϕ◦ψSi = SiUϕUψU
∗
ϕ◦ψ, i = 1, . . . , n.
Since S1, . . . , Sn is irreducible and UϕUψU
∗
ϕ◦ψ is a unitary operator, we have UϕUψU
∗
ϕ◦ψ = c(ϕ, ψ)I
for some complex number with |c(ϕ, ψ)| = 1. Hence, we deduce that UϕUψ = c(ϕ, ψ)Uϕ◦ψ for any
ϕ, ψ ∈ Aut(B(H)n1 ).
Now, we prove part (ii). Let ϕ(p) := (ϕ
(p)
1 , . . . , ϕ
(p)
n ), p = 1, 2, . . ., and ψ := (ψ1, . . . , ψn) be in
Aut(B(H)n1 ) such that ϕ
(p)
i converges to ψi in the uniform norm on [B(H)
n]1, that is,
‖ϕ
(p)
i − ψi‖∞ := sup
X∈[B(H)n]1
‖ϕ
(p)
i (X)− ψi(X)‖ → 0 as p→∞,
for i = 1, . . . , n. Since ϕ
(p)
i and ψi are uniformly continuous on [B(H)
n]1, the model boundary func-
tions ϕ̂
(p)
i and ψ̂i are in the noncommutative disc algebra An and we have ϕ̂
(p)
i = ϕ
(p)
i (S1, . . . , Sn) and
ψ̂i = ψ(S1, . . . , Sn). Consequently, the convergence above implies that ϕ̂
(p)
i → ψ̂i in the operator norm
topology. Each ϕ(p) ∈ Aut(B(H)n1 ) has the form ϕ
(p) = ΦUp ◦ Ψλ(p) , where ΦUp is an automorphism
implemented by a unitary operator Up on C
n, i.e.,
ΦUp(X1, . . . , Xn) := [X1, . . . , Xn]Up, (X1, . . . , Xn) ∈ [B(H)
n]1,
and Ψλ(p) is the involutive free holomorphic automorphism associated with λ
(p) := (ϕ(p))−1(0) ∈ Bn.
Similarly, we have ψ = ΦU ◦ Ψµ, where U ∈ B(Cn) is a unitary operator and Ψµ is the involutive free
holomorphic automorphism associated with µ := ψ−1(0) ∈ Bn. Due to the above-mentioned convergences,
we deduce that ϕ(p)(0)→ ψ(0) as p → ∞. Taking into account that Ψλ(p)(0) = λ
(p) and Ψµ(0) = µ, we
have ϕ(p)(0) = λ(p)Up and ψ(0) = µU . Therefore, λ
(p)Up converges to µU in the operator norm. Since
Up and U are unitary operators, we deduce that ‖λ(p)‖2 → ‖µ‖2 as p→∞.
20 GELU POPESCU
Given ǫ > 0 and x =
∑
α∈F+n
aαeα ∈ F 2(Hn), let k ∈ N be such that ‖x −
∑
α∈F+n ,|α|≤k
aαeα‖ <
ǫ
4 .
Using relation (3.4) and the properties of the noncommutative Poisson kernel, we have∑
|α|≤k
aαU
∗
ϕ(p)eα =
∑
|α|≤k
aαK
∗
̂ϕ(p)
W ∗̂ϕ(p)
eα
=
∑
|α|≤k
aαK
∗
ϕ̂(p)
(
eα ⊗
1
(1− ‖λ(p)‖22)
1/2
∆̂ϕ(p)(1)
)
=
∑
|α|≤k
aα
1
(1 − ‖λ(p)‖22)
1/2
[ϕ̂(p)]α∆
2
̂ϕ(p)
(1).
A similar relation holds if we replace ϕ(p) with ψ. Since ϕ̂
(p)
i → ψ̂i in the operator norm topology and
‖λ(p)‖2 → ‖µ‖2 as p→∞, there is N ∈ N such that∥∥∥∥∥∥
∑
|α|≤k
aαU
∗
ϕ(p)eα −
∑
|α|≤k
aαU
∗
ψeα
∥∥∥∥∥∥ < ǫ2
for all p ≥ N . Using the fact that Uϕ(p) and Uψ are unitary operators, we deduce that
‖U∗ϕ(p)x− U
∗
ψx‖ ≤
∥∥∥∥∥∥U∗ϕ(p)
x− ∑
|α|≤k
aαeα
∥∥∥∥∥∥+
∥∥∥∥∥∥U∗ϕ(p)
∑
|α|≤k
aαeα
 − U∗ψ
∑
|α|≤k
aαeα
∥∥∥∥∥∥
+
∥∥∥∥∥∥U∗ψ
x− ∑
|α|≤k
aαeα
∥∥∥∥∥∥
≤ 2
∥∥∥∥∥∥x−
∑
|α|≤k
aαeα
∥∥∥∥∥∥+
∥∥∥∥∥∥U∗ϕ(p)
∑
|α|≤k
aαeα
− U∗ψ
∑
|α|≤k
aαeα
∥∥∥∥∥∥
≤ 2
ǫ
4
+
ǫ
2
= ǫ
for any p ≥ N . Therefore U∗
ϕ(p)
converges to U∗ψ, as p→∞, in the strong operator topology.
To prove part (iii), let ϕ(p), ϕ be in Aut(B(H)n1 ) be such that ϕ
(p) → ϕ in the metric dE , as p → ∞.
Then ‖ϕ(p) − ϕ‖∞ → 0, as p → ∞. Using (i) and (ii), we deduce that the map π : Aut(B(H)
n
1 ) →
B(F 2(Hn)) defined by π(ϕ) := Uϕ is a projective representation of the automorphism group Aut(B(H)n1 ).
The proof is complete. 
We say that two projective representations π1, π2 of Aut(B(H)n1 ) on the Hilbert spaces H1 and
H2, respectively, are equivalent if there exists a unitary operator U : H1 → H2 and a Borel function
σ : Aut(B(H)n1 )→ T such that π2(ϕ)U = σ(ϕ)Uπ1(ϕ) for all ϕ ∈ Aut(B(H)
n
1 ).
We remark that if π1 and π2 are two projective representations of Aut(B(H)
n
1 associated with T , as in
Theorem 3.6, then we have ϕi(T ) = π1(ϕ)
∗Tiπ1(ϕ) and ϕi(T ) = π2(ϕ)
∗Tiπ2(ϕ) for all ϕ ∈ Aut(B(H)n1 )
and i = 1, . . . , n. Hence, π1(ϕ)π2(ϕ)
∗ commutes with each operator T1, . . . , Tn. Since [T1, . . . , Tn] is
irreducible, we deduce that π1(ϕ)π2(ϕ)
∗ = d(ϕ)I for some constant d(ϕ) ∈ T which proves that π1 and
π2 are equivalent.
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